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Abstract 
We study the enumeration of r-complete partitions, a generalization of complete partitions of 
a positive integer. 
1. Introduction 
If )~=(21 . . . . .  2k) is a partition of n with the condition that each integer m with 
l<~m<~n can be written as a sum of parts of 2, then we call 2 a complete partition. 
Complete partitions were introduced by the author in [3], generalizing the perfect par- 
titions of  MacMahon [2, pp. 217-223]. See also [1] for general partition theory. In this 
paper, we generalize complete partitions by allowing each part to appear in the sum 
with multiplicity up to r. We write a partition 2 = ()q . . . . .  )~k) in nondecreasing order. 
2. The r-complete partitions 
Definition 2.1. Let r be a positive integer. An r-complete partition of an integer n is 
a partition 2=( )q  . . . . .  2k) of n such that each integer m with l<~m<.rn can be ex- 
k pressed as ~-]~i=l~i2i, where 2i ~ S= {0, 1,... ,r}. 
Note that any r-complete partition must have 1 as the first part from our definition. 
There are five partitions of 4, i.e., (l, 1, 1, 1), (1, 1,2), (1,3), (2,2), and (4). Among 
them (1, 1, 1, 1) and (1, 1,2) are complete partitions, and (1, 1, 1, 1), (1, 1,2), and (1,3) 
are 2-complete partitions of 4. 
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Theorem 2.2. Let  2=(21 . . . . .  2k) be a partit ion o f  n with 21 = 1. Then 2 & an 
r-complete partit ion o f  n i f  and only i f  2i <~ 1 + r ~-~-I 2j fo r  each i = 2 . . . . .  k. 
Proof. (~)  Suppose that for some m, 2m>l q-r~jm=-ll2j, where 2<~m<~k. Then 
r~jm=-a 12 j<2m - l<2m, so 2m-  1 cannot be expressed in the form ~ki=1~i),i with 
~i cS .  
(~)  We proceed by induction on k. Suppose that (21 . . . . .  2k - I ) is an r-complete par- 
1 k-1 tition and that 2k ~< +r  ~-~j=l 2j. Then an integer m can be expressed as ~-]~/k=l ~i2/, with 
cqES, if we can find an c~k, with 0~<~k~<r, such that 0~<m-  7k2k-..< 
r(21 + ' "  + 2k-  1). We claim that ~k = [m/2k] will work. Clearly, this choice of c~k 
satisfies O<~m - ~k)ok. But since ~k~>(m + 1)/2k - 1, we have m - ~k2k-..<2k -- 1~< 
r(21 + . . .  + 2k-  1), as required. [] 
From this result one can easily see the following. 
Corollary 2.3. Let  2=(21 .. . .  ,2k) be an r-complete partit ion o f  n. Then 2i < . 
(r + 1 ) i -  l fo r  each i = 1 . . . . .  k. 
Proposition2.4. Let  2=(21, . . . ,2 / )  be an r-complete partit ion o f  n. Then 
l>~ [log(~+t)(rn + 1)1. 
ProoL 
l / 
n= Z (r + 1)'-' - 
i=1 i=1 
(r + 1) 1 -  1 
r 
Therefore, l>. [log(r+l)(rn + 1)]. [] 
Proposit ion2.$. Let  2=(21, . . . ,2 / )  be an r-complete partit ion o f  n. Then 
21 <~ [(rn + 1 )/(r  + 1 )J. 
Proof. Since n = ~-~[=, 2i, n - 2, = ~__-I 2i" By Theorem 2.2, 
1--1 
2l <~ 1 + r ~ 2 i = 1 + r(n - 2l) = 1 4- rn - r2l. 
i=1 
Hence, 2t-..< ]rn+l/ L r--~J " [] 
It is not difficult to show that the bounds in Propositions 2.4 and 2.5 can be attained. 
We now find some recurrence relations and a generating function for r-complete 
partitions. First, let Cr, l,k(n) be the number of r-complete partitions of n with length l 
and largest part k. An r-complete partition of n with length l and largest part k becomes 
an r-complete partition of n - k with length l - 1 and largest part less than or equal 
to k by removal of the last part k. Conversely, given an r-complete partition of n - k 
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with length 1 - 1 and largest part less than or equal to k, we can add k as a part if 
and only if k d 1 + r(n - k). This gives the following recurrence relation. 
Proposition 2.6. Let C,,,,k(n) be the number of r-complete purtitions of n with length 
1 and largest part k. Then for 1> 1, 
cr.I,k@) = 
Ci”=, C+,,j(n - k) ifn> y, 
0 otherwise, 
with the initial conditions C,,t,t(l)= 1 and Cr,l,k(n)=O for k>l or n>l. 
Note that by Proposition 2.5, Cr,k,J(n) = 0 unless [log(,+,)(rn + 1)1 d 1 dn. 
Let E,k(n) be the number of r-complete partitions of n with the largest part exactly k, 
so that E,k(n) = c1 C,,[,k(n). Summing the formula of Proposition 2.6 on 1 gives 
&k(n) = 
xi”=, E,,i(n - k) if n 3 T, 
0 otherwise. 
The sum may be written as 
k-l 
E,k(n-k)+ c ~,;((n-l>-(k-l))=E,k(n-k)+Er,k-l(n-l), 
i=l 
since n >, [(r + 1)k - l]/r implies n - 1 3 [(Y + l)(k - 1) - II/r. Thus, we have the 
following recurrence for E,,(n). 
Theorem 2.7. Let E,,k(n) be the number of r-complete purtitions of a positive inte- 




with E,,(n)= 1 for all n2 1 
Theorem 2.8. Let fr,k(q)=Cz, E,k(n)q" andlet(q),=(l-q”)(l-q”-l)~~~(l-q). 
Then 
fr,1(4) = &> 
3 
fr,2(q) = &Y 
(1) 
where a = [(k - 1 )/rl 
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Proof. Since E~,j(n)= 1 for all n, the Eq. (1) is clear. Now, using Theorem 2.7, 
we have for k > 1, 
OC 
f~,k(q)=~Er, k(n)q ~= ~ Er, k(n)q ~ 
n=0 n=k+a 
= ~ [ErA-l(n-1)+Er, k(n-k)]q n 
n=k+a 
OG OG 
= ~ Er, k- l (n)q n+l + ~Er, k(n)q n+k 
n=k +a- 1 n=a 
=q ~ E,,k-I(n)q"+q k ~ Er, k(n)q ~ 
n=k+a--I n=k+a 
= q[fr.k-l(q) --Erk-, l (k+a _ 2)qk+a-2] +qkfr, k(q). 
Hence, 
q 
f~,k(q)- 1 -~ q k f~'k- l(q) - 
Er, k - l (k+a - 2)q k+"-I 
1 - qk  
Then 
f~,2(q) = 
q2 Er, l(a)qa+l q2 q2 
(1 - q2) (1  - q )  I - q2  (1 - q2) (1  - q )  1 - q2 
q3 
(1 -- q2) (1  -- q) '  
and the general formula follows by induction. [] 
Note that if k ~< r + 1, then 
qk+l 
fr, k (q ) -  (q) . 
We can see this directly, since if k ~< r + 1, the r-complete partitions of  n with largest 
part k are precisely the partitions of  n with largest part k and smallest part 1. 
Let us now take a look at the case of k = 4. 
q5 "a+3E Za r, 3t +2)  qa+2Er2(a ) 
fr.4(q)-- (q )4  1 - -  q4 (1 --  q4) (1  -- q3) "  
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Because of the value of a = F(k - 1)/rq, we have 
qS q5 
(~4 (1 - q4)(l - q3) 
qS qS 




1 - q4 
if r - -  1, 
if r=2,  
i f r~3.  
By expanding the above, we get the following generating functions: 
f l .4(q)  ----- 2q 7 + 2q 8 + 4q 9 + 5q 1° + 8q 11 + 10q 12 + " - ' ,  
fz,4(q) = q6 + 2q7 + 3q8 + 4q9 ÷ 6qtO + 9qll + 1 lq 12 + - . . ,  
fr,4(q)=qS+q6+2qV+3qS+5qg+6qlO+9q II 11q12+ "' '  (r>~3). 
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